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N tn w By Warner L. Stewart 

An analysis was made of the flow thraugh a mixed-flow turbine 
designed t o  drive a high-speed, high-weight-flow compressor, of the 
type  that  could be  used i n  supersonic a i rcraf t .  The analysis, which is 
based on axially symmetric flow, was developed from a method previously 
used t o  predict  trends of flow in mixed-flow compressor impellers t o  
include an analysis of the  region downstream of the  rotor. Results of' . '  

the  analysis  indicate that the weight flow calculated by W s  three- 
dimensional method is lower than that  w e i g h t  flow used in   t he  t w o -  
dimensional design of the turbine. The results also indicate  that 
redesign of the inner wall of the  rotor can provide sufficient flaw 
area t o  allow design weight flow t o  pass and to   a l leviate  the adverse 
velocity and pressure  padients  indicated  in the analysis at the expense 
of increased  rotor blade stresses. 

The development of high-speed, high-weight-flow transonic and 
supersonic compressors particularly for high-speed aircraf t  i s  dependent 
on the  proper design of turbines  to drive these compressors. In order 
t o  determine the problems involved, a turbine was desigmd at the NACA 
L e w i s  laboratory t o  drive a supersonic compressor that could be 
installed  in a supersonic aircraft. 

The high rotational speed and high-weight-flow characteristic of 
these compressors caused high turbine  rotor blade stresses, which w e r e  
mfnimized by making the  rotor  blades highly tapered and the annulus area 
a t  each station through the  rotor a s  small as practical.from aerodynamic 

c considerations. The resulting  turbine  configuration is of the mixed- 
flow  type having a high degree of insweep  of the mer well. 

UNCLASSIFIEC! 
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Since no general method  of designing mixed-flow turbines is 
available, the preliminary  rotor  blade  design was based on two- 
dimensional flow and the effect of the hub-shroud profile and blade 
taper was neglected. The large hub-shroud  insweep  and blade  taper of 
this turbine type, however, indicated the need for  aaditional informa- 
t ion  on the effects  they would have on the flaw. A method is  presented 
i n  reference 1 for  computing the flow  through a  mixed-flow  compressor 
rotor.  Based on axially symmetric flow and ut i l iz ing a numerical 
solution and an  i teration process, the method i s  also  applicable  to  the 
calculation of the flow through mfxed-flow turbine  rotors. Good experi- 
mental correlation of the analytical   results was obtained for the com- 
pressor  even though isentropic flow and axial  symmetry were assumed 
(reference 1). In  order t o  determine the flow through the turbine  being 
investigated, however, it was necessary t o  extend the method  of 
reference 1 t o  include the flow downstream of the  rotor  since the large 
blade  taper and hub-shroud curvature caused downstream conditions which 
affected the flow inside the  rotor. 

The investigation  applies this axtended method to  the mixed-flow 
turbine, examines the flow  conditions  indicated by the  solution, and 
evaluates the method i n  regard t o  information  not  obtainable by two- 
dimensional Methods. 

TURBINE CamFIGURATIOTJ 

The turbine  design was on a two-dimensional basis and ut i l ized 
free-vortex entry with zero exit w h i r l .  For a given  turbine dfameter 
and weight  flow per  unit  frontal  area, there ie a hub-tip r a t i o   a t  whiah 
the minimum entering  relative Mach number a t   the  hub OCCUTB. A t  hub-tlp 
ra t ios  above this point, the relative Mach number is higher because of 
high  axial  velocities while a t  hub-tip ra t ios  below this point  the 
relative Mach number is  higher because of high whirl velocities. A s  
the weight flow per unit  frontal  area of the turbine is decreased this 
minimum Mach  number  becomes lower. In th i s  design  the weight flow per 
unit   frontal   area of the  turbine was decreased un t i l  minimum relative 
Mach  nuniber entering the ro to r   a t  the hub corresponding t o  this weight 
flow per  unit  frontal  area reached a practfcal  lfmit from aerodynamic 
considerations. The hub-tip r a t i o  corresponding t o  this minimum 
relat ive Mach  number  waa then used i n  the design. 

The hub and t i p  velocity diagrams are  shown i n  figure 1. At the 
two sections shown, a mean camber line drawn t o  give a s l ight  angle 
of incidence and a small amount  of overturning. An  a i r fo i l  was then 
wrapped about  each of these mean camber l ines.  The cross-sectional 
area of the blade  profile  at  the t i p  was made 30 percent of that a t   t he  
root   to  provide large blade  taper and thereby minimize stresses. This 
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design  necessitated high so l id i t ies   a t  the root  and low so l id i t i e s   a t  
the t i p .  A sketch of the ro tor  blades and the two sections used in   the 
design  are shown in figure 1. The flow passages a t   t he  two sections 
were made t o  converge toward the  exit. The two sections were stacked 
and the  blade was formed by fairing in straight lines between the two 
sections. Since the hub radius a t   the  inner wall was different  at  the 
exit  from tha t   a t  the entrance,  these t w o  radLi were joined by a smooth 
curve. The rotor  blade shape was therefore determined from inlet and 
e e t  conditions only, and the  effects of the high depee of taper and 
insweep of the  inner  wall on the flow characteristics  within the rotor 
were neglected. 

co to 
N 
N 

n 

The method of analysis used in  this  report is similar to that pre- 
sented  in  reference 1. The differential  equatione  used t o  campute the 
velocity  distribution  within the rotor are the same. A l l  spibols used 
are  defined  in appendix A . .  In order t o  complete the  analysis of the 
flow downstream of the rotor, a  differential  equation  yielding  the 
velocity  distribution dawnstream i s  derived i n  appendix B. 

Assumptions. - The following assumptions were made i n  the method of 
analysis used i n  this report: 

(I) The f low is  nomiscous and compressible and the flaw process 
isentropic. 

(2) Axially symmetric conditians  are assumed t o  exist throughout 
the  turbine flow annulus. 

(3) The flow is  assumed t o  follow the mean camber surface of the 
ro to r  blades. This assumption is valid  near the hub because of the high 
solidity but i s  ody  approximate near the t i p  w h e r e  the  solidity is l o w .  

(4) The surfaces of the rotor blades are so nearly  radial  that the 
radial  component of the  blade force can-be  neglected. 

(5) The rotor blade is  assumed t o  extend t o  the  outer  wall. 

( 6 )  A wake is assumed t o  exist a short  distance downstream of the 
ro to r  blades so there w i l l  be no sharp change i n  flow area a t  the exit. 
This assu~ption approach88 the  physical  case and insures  a smooth 
streamline  configuration. Because of the  rapid change in flow area a t  
the entrance t o  the rotor, the results of the analysis are anlg approxi- 
mate i n  this region. 
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Final equations. - The dif'ferential  equation (8) of reference 1 
must be solved t o  determine the variatian in  velocity along an ortho- 
gonal inside  the  rotor. The nozzle-exit flow configuration is free- 
vortex so ah = 0 and equation (8) applies. This equation is written 
88  

dn 

where 
cosza sin2@ & = " - c o s a  - sinzp tan a sin a 

rC r r 

b = 20 sin B cos a + sin p tan a s in  a + 

Appendix B gives the derivation of the  diflferential equation which, when 
solved, yields the variation in velocity  along  an orthogonal downstream 
of the  rotor. T h i s  equation (B6) is 

= A(v) - B  a+' 2 
dn 

where 

A = -  2 

rC 

B = 2 [ ( 5  -~)g] 
Both diFPerentia1  equations (1) and (2)  are of the form 

80 the solutions of these equations are 
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Since v = q cos j3 equation (10) of reference 1 can be written  as 

and can be used to  calculate  the weight flow crossing  orthogomls  inside 
and downstream of the rotor.  The density can be computed  from equation 
(11) in reference 1, which is rewritten  here 

Application of equations t o  turbine. - The application of the 
preceding e q u a t i m  t o  the mixed-flow turbine wa8 quite  similar t o  that 
used in  the  analysis of mixed-flow comgressors. A p lo t  similar t o  
figure 2 was f irst  made of the  projection of the rotor  and flaw passage 
i n  a meridional  plane  (including  the axis of rotation). Superimposed 
on this p l o t  were l ines of constant r, z,  cp, and I. A Ilumber of 
streamlines and orthogonals was then drawn in. A t  the  inlet  the posi- 
tion of these  streamlines was located so that  equal weight flow  incre- 
ments passed between each pair. %cause of free-vortex entrance condi- 
tions,  the  axial  velocity was constant and the w h i r l  component varied 
inversely as the  radius. The coefficients a, A, b, and B were 
then determined at the intersections of the  streamlines and orthogonals 
by selecting  values of r, z, cp, and f ,  measuring the slope of the 
streamlines t o  obtain a, and calculating  the  radius of curvature rc. 
Since K is constant along a streamline downstream of the rotor, it 

" was calculated from conditions a t  the exit of the rotor. 

The radius of curvature was calculated by means of a radometer, - which was develaped especially  for this tspe of analysis. The accuracy 
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of this method was comparable with that  obtained in the method used i n  
reference 1 and shortened  the  calculation time considerably. The 
instrument and i ts  principles  are  descrtbed in  appendix C.. The angle p 
was calculated from ($I and a by the equation 

.. 
- . -  

t an  /3 =) cos a t an  cp 

Three types of orthogonal were encountered in   the  

Eo 
m Eo 
crl 

trials, values of 
- .. 

analysis. The 

(a)  Orthogonal completely inside  rotor. The velocities  along  an 
orthogonal completely inside the ro tor  were found by  assuming a velocity 
at the hub and solving equation (3) ala- the orthogonal by the 
trapezoidal method. The resulting velocit ies were used to   f fnd  p a t .  
each  pofnt by equation (6) and hence the weight flow by equation (5). 
Various hub velocities were assumed and t o t a l  weight  flow was plotted 
against assumed  hub velocity. If the design weight flow could  pass, the 
velocity  distributim corresponding t o  this weight flow  could  be used. 
In this  analysis, the choking weight flow occurred  along  the  orthogonal 
originating a t  A in figure 2 and was less than the  design  value. 
Hence the weight flow across a11 the other  orthogonals had t o  be the 
same and the corresponding velocity  distribution used. 

(b) Orthogonal par t  inside rotor  and part  downstream  of rotor. The 
procedure for this type of orthogonal was sl ightly m o r e  complicated than 
for the type completely within the rotor. A velocity WBS f i rs t  assumed 
a t  the  hub. By use of equation (3), the  velocity  distribution along %e 
orthogonal was  computed  up to   the   t ra i l ing  edge and H: computed a t  this 
point. The value of IC had previously been calculated at   the   inter-  
section of the preceding orthogonal and the   t ra i l ing edge. In the  case 
of the first orthogonal  including  flow inside and downstream of the 
rotor, the previous arthogonal was the one originating  at  the  point A 
i n  figure 2. A linear variaticm in P; waa then assumed between the two 
points  yielding  values of . K  for the streamlines crossing  the ortho- 
gonal downstream  of the  rotor. As  more orthogonal8 were used, this  
assumption became more accurate. By use of the velocity  obtained a t   the  
t ra i l ing  edge as t h e  lower limit of integration,  equation (4) was solved 
f o r  the  velocity  distribution  along  that  part of the orthogonal down- 
stream of the rotor. The densities were then computed by equation (6) 
and used to   calculate   the  total  weight flow by equation (5) far the 
assumed hub velocity. The process wa8 then repeated for varioua values 
of hub velocit ies  unti l  the t o t a l  weight flow checked with  design or 
choking value. 

c 
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(c) Orthogonal downstream of ro tor .  The velocity  distribution 
along an  orthogonal downstream of the  rotor was found by equation (4), 
the same procedure being used as f o r  the  orthogonal  inside  the rotor. The 
parameter IC was completely  determined in the  application of part  (b) .  

The positions of the  streamlines upstream of the r o t o r  w e r e  
determined so that  equal weight-flow increments existed between each 
pair. A new streamline  configuration was then determined so that this 
condition  existed through and  downstream of the rotor. The positions 
of these n e w  streamlines were obtained by dividing  the weight flow 
crossing  an  orthogonal  into  the  required nuniber of weight-flaw incre- 
ments. Once these positions were found for each orthogonal, the new set 
of streamlines was  drawn and the  entire process  repeated  for th3.s new 
streamline  configuration. The siteration procedure  continued unt i l   the  
w e i g h t  flaws between a l l   p a i r s  of streamlines were identical and the 
t o t a l  weight flows across a l l  orthogonals were the same.  Once the  f inal  
positions of the streamlines w e r e  known, the pressure distribution 
throughout the flow f i e l d  was calculated by the isentropic  relation 

E = constant. The velocity and pressure  distribution  then could  be 

examined for possible adverse  gradients and the effect of the hub- 
shroud profile on the flow characteristics determined. 

P7 

Choking w i t h i n  rotor. - The high-speed turbine was designed t o  pass 
an equivalent weight flow of 15.3 pounds per second. However, the 
analysis  indicated that the rotor choked a t  14.7 pounds or  36 percent of 
design w e i g h t  flow. This w e i g h t  flaw was obtained under isentropic f l o w  
conditions  with no boundmy layer. In the  actual  turbine,  the  total 
pressure througll the  turbine drops because of losses and a certain 
amount of boundary-layer build-up exists which w i l l  further lower the 
weight flow. This result  indicates that the  design of this  type of 
turbine by two-dimemiom1 methods w i l l  yield a turbine  incapable of 
passing  the  design weight flaw. Because of the shape of the frmer wall, 
the  area  perpendicular t o   t h e  flaw along the choking orthogonal i s  
insufficient. For  a fixed  outer diameter the hub profile would have t o  
be redesigned t o  provide more flaw area BO that the desired weight flow 
could be passed. In  the present computation, the rotor inlet conditions 
had t o  be changed so'that the weight flow was equal t o  the choking 
value. Also, the choking condition was indicated in  the f i r s t  t r i a l  
solution and f u r t h e r   t r i a h  did not affect  the choking position o r  
value. Hence, only one t r i a l  would be needed t o  determine whether or 
not the design weight flow could be passed f o r  a given turbine 
configuration. 
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Streamline  configuration. - The streamline  configuration  obtained 
i n  the analysis of the high-speed turbine i s  shown i n  figure 3. The 
streamlines were chosen so that 1/10 of the weight flow passed between 
each pair  of streamlines. Downstream of the rotor near  the hub, the 
distance between the streamlines  indicates that the small radius of 
curvature a t  the inner shroud and divergence of the  streamlines  intro- 
duces adverse  velocity and pressure  gradients i n   t h i s  region. This 
occurrence w i l l  be shown m o r e  clearly in the  plots of the velocity and 
pressure  ratios. 

Local Mach  number within rotor. - The local Mach  number distribu- 
tion within the  rotor determined. by the analysis i s  shown i n  figure 4. 
The orthogonal where choking occurred i s  sho& on the  figure. The local 
Mach nuuiber is  not  unity  across the orthogonal  but  varies from subsonic 
velocities near the hub t o  supersonic velocit ies near the t i p .  

Static-pressure  distribution. The static-pressure  distribution 
calculated  in  the  analysis is shown i n  figure 5. Lines of constant P, 
are  plotted where Pr is defined  as the r a t i o  of s ta t ic   pressure  a t  a% 
point t o   t o t a l  pressure a t  the inlet. Within the rotor, the gradients 
are  exactly  the  apposite of the  velocity  gradients of figure 4. Along 
the outer  wall, a rapid drop in  static  pressure  yields a favorable 
pressure  gradient. Along the inner wall, however, the s t a t i c  pressure 
reaches a minimum i n  the choking region. A positive  pressure  gradient 
then occurs  along the inner w a l l  near the exit of the blade. This 
adverse pressure gradient continues t o  the sharp bend just  downstream 
of the rotor. Because a positive  pressure  gradient induces boundary- 
layer  build-up and separation, the analysis  indicates that separation 
would probably  take  place and the boundary of the flow would follow a 
path approximated by the dashed line  indicated in  figure 5. An adverse 
pressure gradAent also exists along the outer wall downatream of the 
rotor, which indicates  possible boundary-layer growth i n  this region. 

Design indications. - The results of the analysis  indicate  poseible 
modifications of the mixed-flow turbine  investigated. 

(1) Within the rotor, 'the inner radius  could be decreased t o  pro- 
vide the necessary  flow  area t o  allow  design weight flow t o  pass, which 
would increase rotor blade  stresses. 

(2)  The sharp bend just  downstream of the rotor  could be smoothed 
out somewhat t o  reduce the  positive pressure =adient  along the inner 
wall. 

(3) If the hub-tip r a t i o   a t  the outlet were mazntained and the hub- 
t i p  ratio  within the rotor reduced t o  provide more flow area  in  the 
region of choking, the sharp bend  would automatically be reduced 

N w 
m w 



2 NACA RM E5lEl6 9 

- considerably. Also, the positive pressure gradients  occurring dawn- 
stream of the ro tor  a t  the t i p  and within the ro tor  a t  the hub  would be 
diminished  because the innsr and outer walls diverge less., The 
resulting rotor blade  stress would be increased  by  the  increased 

m 
cu 
N 

(D annulus area. 
Evaluation of results. - Because of the assumption of axial  

symmetry, the  results of the  analysis apply t o  the middle of the flow 
passages  within the rotor .  Along the pressure  surface,  the  velocities 
will be lower than  indicated by the  analysis while the  velocities 011 the 
suction  surface w i l l  be higher. Downstream of the rotor,  the results 
should be representative of the whole annulus. 

The results of the analysis  indicate  that  a design method based 
solely on in le t  and outlet  conditions is  unsatisfactory f o r  turbines of 
this type. An accurate  study of the area perpendicular t o  the  flow 
within  the  rotor should be made t o  insure  sufficient flow area f o r  the 
design weight flow. In a  design an orthogonal could be sketched similar 
t o  that   in  f igure 4 and by examination of the flow area corresponding t o  
this orthogonal,  a  reasonably  accurate  prediction  could be made as t o  
whether o r  not design weight flow would be passed. 

Differential  equations (I) and (2), s h o w  why small radii of 
curvature, such as that at   the   exi t  of the turbine along the inner wall, 
should be avoided. The radius of curvature rc appears i n  the 
denominators necessitating  large  velocity and pressure  gradients  along 
the  orthogonals when rc is small. If the  canfiguration of the inner 
wall had been designed so that rc was large, the  high-pressure peak 
would have been modified  considerably. 

SUMMARY OF RESULTS 

The results of the  analysis of the mixed-flaw turbine can be 
summarized as follows: 

1. The analysis of the mixed-flow turbine by the three-dimensional 
method used i n  this report yields lower w e i g h t  flows than those used i n  
the  design of the  turbine by two-dimsnsianal methods. 

2.  The choking condition or the inabili ty of the  turbine t o  pass 
design weight flow, was indicated  in  the first t r ia l   solut ion.  Refine- 
ments made in   fur ther   t r ia l s  did not  affect  the choking weight flow t o  
any extent. 

3. Adverse velocity and pressure  gradients  occurred along the inner 
wall of the rotor toward the  t ra i l ing edge and along the outer wall j u s t  
damstream of the  rotor. 
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4. The relatively sharp bend in the  inner wall duet damstream of 
the rotor  investigated  resulted  in  large  velocity and pressure  gradients 
i n  this  region and can be attr ibuted  to  the small radius of curvature 
that the flaw must have t o  follow the wall. 

5. Redesign of the inner wall would provide sufficient flaw area t o  
pass  design w e i g h t  flow and alleviate  the adverse velocity and pressure 
gradients encountered in the original  design  at  the expense o f  increased 
rotor  blade stress. 

The analysis of the high-speed turbine  presented in  t h i s  report 
yielded  information concerning the effects of the inner and outer  wall 
profiles and blade shape on the choking weight flow, velocity and 
pressure  gradiente, and location of probable  boundary-layer  build-up and 
flow  separation. On the basis of howledge of these  conditione, modifi- 
cation of the  design can be made to  alleviate  undesirable  character- 
i s t i c s  encountered i n  mixed-flow turbines of this type. 

Lewis Flight Propulaipn  Laboratmy 

Cleveland, Ohio 
National Advisory Committee for Aeronautics 
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The following s@~ols are used in this report: 

parameter, - 2 
rC 

a 

B 

b 

C 

f 

h 

K 

M 

m 

N 

n 

’r 

P 

9 

r 

rC 

parameter, 2w sin f3 cos a + sin $ tan a 2W sin ot + ( 
speed of sound  at  stagnation  conditions,  ft/sec 

blade-thickness  factor, 1 - - wt 
2 m  

acceleration h e  to gravity, ft/sec2 

absolute  total  enthalpy, f t-lb/lb 

static  enthalpy,  ft-lb/lb 

parameter,  (rw + u)r 
local Mach nwnber 

distance  along  streamline in meridional direction, ft 

mxniber of blades 

&stance along orthogonal in meridional plane, ft 

ratio of static pressure at any point  to t o t a l  pressure a t  inlet 

static  pressure,  lb/sq ft 

total  velocity  relative to rotor ,  Ft/sec 

radius  measured f r o m  axis of rotation, f’t 

radius of curvature of streamline  projection in meridlorn1 
plane, ft 
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t 

U 

Q 

V 

W 

z 

a 

B 

7 

h 

P 

PT 
rp 

0 
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blade  thickness  in  circumferential  direction, f t  

tangential  velocity  relative  to  rotor,  ft/sec 

absolute  velocity,  f%/sec 

through flow colqponent of velocity,  ft/eec 

weight flow, lb/sec 

distance  along  axis of rotation, ft 

angle  between  tangent  to  streamline in meridllonal plane and axis 
of rotation, deg 

angle between relative  velocity  and  component of relative  velocity 
along streamline in meridional  plane, deg 

ratio of specific  heats 

prerotation term, ri (mi + ui) 

static  density,  slugs/cu ft 

total  density,  slugs/cu ft 

blade angle in axial-tangential  direction, deg 

angular velocity of turbine  rotor,  radiane/sec 

Subscripts: 

i turbine  inlet 

o lower  limit of integration 



. APPENDIX B 

a 

After  the flow leaves  the rotor,  the moment of momentum is constant 
along any particular  streamline. Hence 

IC = r (u  + m) 

. 
Squaring and Solving f o r  (u + r ~ ) ~  

2 9 2  (u + rw) = -  la 

Although K is constant along a single  streamline, in general it variee 
from one streamline t o  another. If the  derivative of equation (Bl) is  
taken with respect t o  n the following equation is obtained: 

Equation (B3) of reference 1 can be 
stream of the rotoP with the blade force 

written f o r  the  region d m -  
equal t o  zero. 

v 2 

or using equation (Bl) 

The t o t a l  enthalpy along a streamline can be related to the   inlet   to ta l  
enthalpy by the  equation 

H = H i  - f  ( A -  K) 
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Differentiating with respect to n 

Also, in  general, at any point on the  streamline  the  total enthalpy can 
be written 

H = h +'L ((u + Wl2 + (V) 
263 

Differentiating with respect t o  n and noting  that 

Substituting  equations (BZ), (€?3), and (B4) i n  equation (E) and noting 

that f o r  the turbine  investigated ds = 0 and - = 0, ah %L 
dn 

or 

where 

The differential  equation (X) when solved along an orthogonal dam- 
stream of the rotm yields the variation in  velocity along the ortho- 
gonal. 
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M co 
N 
N The radameter is an instrument developed t o  determina the radii. of 

curvature of continuous curves such as the streamlines i n  this ana lp i s .  
Figure 6 i l lust rates  the principle on which this instrument is based. 
A smooth curve i s  represented by AB and the  radius of curvature of this 
curve i s  t o  be determined at  the  point C. The assumption is made that  
the points D and E equidistant on either side of C are selected  close 
enough together t o  exclude the  possibility of inflection points or 
appreciable  variation of curvature  occurring between  them. In this 
manner, a c i rc le  w i t h  radius Etpproximating the radius of curvature of 
the curve a t  C msy be passed  through the points D, C, and E. 

U s i n g  the nomenclature in the ffgure, the following equation can 
be m i t t e n  

For a given d the preceding  equation can  be solved for rc in terms 
of 6. Thus, if 6 is m e a d ,  rc can be easily  calculated. 

The radometer fac i l i t a tes  a reasonably  accurate and fast  deter- 
mination of 6 far a given a. A photograph of this instrument is 
shown i n  flgure 7. When the radometer is  i n  use, the point 0 is placed 
wer the poi& 011. the curve at which the radLus of curvature is t o  be 
determined. The stationary base is  ariented 60 that  E l i e s  on the 
curve. The distance OE represents a. The a r m  is rotated  unti l   the 
point D also lies on the curve. The angle 6 is then read and by 
referring t o  a graph of rc against 6 for various  values of d the 
radius of curvature can  be obtained. 

As mentioned i n  the text of the  report, this method proved to be as 
accurate  as the slope method.  The accuracy of both methods decreases as 
the  radius of curvature becomes quite small or quite large. 
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